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Abstract

Included in this document are the following: 1) derivations connecting the Adomian poly-
nomials to the Taylor series; 2) separation of the time dimension from the Adomian polynomi-
als; 3) derivations equating the classical and modified Adomian polynomials; and 4) numerical
results for ADM4, ADM6, ADMS8, and ADM10 for the bimolecular and chloroperoxidase re-

actions. C++ class code and adaptive #, details can be obtained from the author.
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L(2)y,(1) = £,(3(2)) (1)

where L(t) is a linear differential operator.

Two coupled equations: p =2

Adomian decomposition may be used to solve for y,(r) by applying the inverse of L(t), where i =
1,2,..., p are the individual solutions. Adomian decomposition can be shown to be a rearrangement
of a Taylor expansion. Given that the Taylor series is familiar to most chemists, it is instructive
to show the connection between ADM and Taylor series. To this end, we derive the Adomian
polynomials A, and the solution y,(#) from the Taylor series. Expanding f;(¥(z)) to third order

for p =2 (i.e., two coupled equations) around the point y, (0),y,(0) yields:

L(t)yi(t> = fi(yl (t)ayz(t)) =
£i(3,(0),,(0))+

(01003, 0) 2O (3, o D00
_ 2 92 2
<<y1(t) 2!%(0)) o ﬁ(yl(g(y)%%(o))> + ((y1 (t) =y, (0))(y2(zf)—y2(0))a ﬁ<gly<log;f2(o)>>+
(05 OF 20,0500,
2! dy?
(005 OP 53,000, (0=1OF 00N PS030,
3! dy3 2! 9y;9y,
(0=5 0001 OP S 050)) , (GO=50P P L O ODY
2! dy,dy? 3! 9y;
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Substitution of this series into the Taylor expansion yields:

L) 5y (1) +Y ) (1) +00) = fi (0, (), (1)) =

£(37,(0),5,(0))+
((y(l_l)(t) + ¥ () + ...)‘9f"(y1 g))?:y2(0))> + ((ym)(t) Y0 () + ...)af 1 (0 8y2 ))+
D () + 305 () + )7 92 £ (y, (0O
( e ayl )+
2
((y 1 1)( )+y 12) (1) +.. )(Y(z,l)(t)"’_y(z,z)(t)+"')8 i g}ly dy )+
Dy () +Y ) () + )% 921 (y,
( @ 2<!> yay2 )+
(y111 (t)+y1_2 ( ) ) a3f yl
< TR 8y1 )+
(y(l,l)(t)—i_y(lz) (t)+ ")2(y(2,1)(t)+y(2,2)( ) )a3f yl
( 2! 8y%<9y2 )+
(y(l,l)(t)—Fy(l,z)(t)+---)(Y<z,1)(t)+y(z,z)() ) a3f )’1
( 2! 3y13y2 )+
(y2,1 (t)+y2,2 ( ) ) a3f yl
( @1 3(1 ) 8y2 )+

O(f,(3,(0),,(0))*)

We are interested in the solution of chemical rate equations. These are initial-value problems where
only y, (0) and y, (0) are known. We need to find y,, (7), y, (), etc. These may be obtained by a
judicious rearrangement of the terms in Eq. (3). We group the terms such that each Yiim (t) depends
only upon previous terms in the solution expansion. By design, this recursive procedure yields
the Adomian polynomials. Each Yiim (t) is constructed from only those terms in the Taylor series

whose second-indices sum to n — 1. For example, Yiiz) () would contain
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azfi (y1 (0)7)’2 (0))

Yo )Y () )
(1,1) (2,1) ayl ayz
14+1=2
but not
9%,(3,(0),7,(0))
Yoo Oy, (1) =52 ()
CELIGEIL A I
2+1=3
Returning to the solution y, (), we assign y , , (¢) thus:
L(t)y(m) (1) = fi(yl (0),)72 (0)) = A(,-,o) (6)

Here we have also introduced the Adomian polynomial, A, , which is equal to f(y, (0),,(0)).

Multiplication by L~!(¢) (i.e., integration with respect to ¢) yields Y (t) of the series solution.

Yo 0 = L7 O 0,(0),3,(0) = L™ ()4, @

Now that we have y,, (¢) in the integrated solution y,(#) = y,(0) +y , (t) + ¥, () + ..., we must
find y,,, (). Grouping the appropriate terms and equating them to L(t)y(l.ﬁz) (t) and followed by

integration yields y ,, (¢):

9£(%,(0),5,(0)

ay,

) :L‘l(t)Am) (8)

The same procedure is followed with every term in the series solution of y (7). Each subsequent
term in the solution of y, () (i.e. y,, (¢), ¥, (1), etc.) is obtained by collecting terms from the
Taylor expansion which depend on previously determined Yiim () and integrating. Finally, the
series is summed in order to yield the integrated equation y, (1) = y,(0) + (1) +y, (1) +... =

y.(0)+L Y1) x> A .y (Equation 8 in the article).
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p coupled equations

The same procedure can be followed for any number of equations p:

? (0))+
)4
£ (o0 28,
. o 2
S ey
L )

=
(5(0))+
by
,-_Zl((n;y’" ))+
o ’
é ;Zl ((Z"_Iy“’"éitﬁfsirﬁllyk" aa]; 2, )+
AR 22

€))

(10)

The mapping of Taylor terms to the Adomian polynomials is summerized in Table 1. The Adomian

polynomials can be cast as Equation 12 from the the article for any order of Adomian polynomial.
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Table 1: Assignment of Taylor terms to Adomian polynomials

Adomian Taylor line* Taylor term

A, 700))
A 2 - y(jA,l)(’)aﬂgjO))
A 2 =1 y(j‘2>(’)aﬂa(§f.0))
2
i X i <Y<_,:,1> (f>y<k,1>(f>a;§,(§§z>)> i (yuél;(r) azfé%m)))
by 2 1 (5 0252
A 3 P =1 y(,-l)(t)y<k,1>(f)afé§j<§(yi)))
P NN (T MLE WYY CAUEI
AT - X it skl (y( i @Oy @y, @) 3;;&1(32 >

Mapping of Taylor terms from Eq. (10) to Adomian polynomials. “The Taylor line refers to the line number in
Eq. (10) where line 1 is f;(¥(0)). *From the fourth-order expansion.

Separation of variables

This section has two purposes. One, to show how separation of variables (i.e., the time dimen-
sion) is possible for the chemical rate equations, and two, to detail how the classical and modified

approaches are equivalent. Starting with the following equation:

)4
Yiwiny @) =L O |A L GO)+ Y kv @) (11)
j=1

Forn =0:
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pj:
SR CILUIRS WRING) 1)
=1
I {fi <v<o>>} 13
- [f,- 5(0)) (14)
Y . =y

It is trivial to show that Eq. (12) and Eq. (13) are equivalent (see Equations 4 and 5 from the
article). Given that f,(¥(¢)) has no dependence on ¢, operation of L~!(¢) yields Eq. (14). Here we
have introduced the time-separated polynomial f/(m), which for n = 0 is equivalent to the general

polynomial Y Movingonton =1,

dg.(¥(0 P
y(u)“%) + ;ku,ﬂyo,n(t)} (15)

1 0 L] a6

Eq. (15) and Eq. (16) are equivalent given that,
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9£(10)) _ 98((0) | 9h,(5(0))
dy; dy; ady,
dg,(5(0))

= =21k .
ayj + (i)

(18)

The same holds for all n. Likewise, all g,(y(0)) can be replaced with f,(¥(0)) with no fear of
contamination from additional linear terms /,(¥(0)). All other terms in the polynomial contain
partial derivatives (i.e., 9’ f,(¥(0)) = 9'g.(¥(0)) for I > 2) and as such 9'h,((0)) will be zero . We

can see this for n = 2:
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X Lk
, %,(5(0)\ | & (Yun® 9%,(5(0))
+j7k;j7ék (y(Jl)( ) (kl)( ) ayjayk ) +JZ] < 21 ayjz ):|
N 2£,5(0))
=210 % (v 05 ™)
b 2L F0) & (VoD 82£(5(0))
+1k—zl}j¢ (y“”(t) ) dy;9y, >+J—Zl( 2! dy >]

. k
—o[5 £ (7, 2500))

J

o B (R )+ 5 £ (72, PEEO)]

Jk=1,j# 9y;9, =1 9y}

Py 2£610)
=L 1(t)—![2 < r )

j=l1 J
- (o b 82f(?(0>)) (Az 82f(?<0)>)]

+2 (Y.OYkO’— + Yo —a5— (19)

2 (o 8f(§(0))) . ( 5 82f( ) % < g2 LG )))]
= — Y. : +2 Y Y, — 5.3

(. J
~~

(i,2)

(20)

It is important to note the factor of two introduced when separating ¢?/2! from Eq. (19). For
n > 2, the time-separated polynomial IA/(M must be used. This polynomial will be introduced

shortly, but first, for n = 3
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-1
) =710 [, 610) + Lk 0

_ a ‘ P d%g.(5(0
=L l(t){z <Y(j,3)(t) 8010 ))> +j,kZ=1 <Y(j,2)(t)y(k,1)(t) 8,01 ))>

dy, dy,dy,

2o v 0y () 93 (5(0 2 1) 9%,(5(0)
" Z:’#( 2! 929y, ) Z( 3! dy? >

S 2%g,(50) | ¢
+ ) Yo ey ()3 (1) 3y,0%,9y, +j:1k<i,j>y<;,3><t)

Jol=T,j#
[ (o 20) s £, (052

J.k=1

L (t)yw(t) PLFHO)Y & (VO B £ 5(0))
+. :’#(( ) 2! 8y128yk )+Z<(3)! 8yj3 )

J=1

L 9°£,((0))
T Py ” (y o0 ey 55505, ﬂ
3

“1n ! o LGN, P (5 5 920(0)
=t 1“)[52(% )+ (a5 )

=
0 o LF0)) P& (o3 P£G(0)
2 L 3 7 JiV\))
o o o 0°£(50)
3
T . _Z <Y(/*°>Y"*°Y’° 8y48yk8yl)}
3r p 2¢(y
ont ~  df,(3(0 y 2°4.000)
=L (f)g{z,(ym 2y, )+3 ) ((;1 w0 9y Iy,

J.k=1

j
, o BEGO)) & (s PLF0)

2 i 3 :
+3 | Z <Y(j.o)Y(k~0)W> + Z (Y(J'vo)a—yjs.)

J=1

Lo mf@(()))ﬂ
+ 3! (Y Y Y
ok Z=Z;7ék7él Lo O ay'aykayl
t & (o 9L60 p  LG0)
= I! |: Z (Y(],Z) a ) +3jkz"_ ( ] l) (ko) 8yjayk >

P a3f,.(y< N | & (3 92°£((0)
+3' Z <Y50>Y(k,o)W) T Z (YS(» 8yj3, )

J=1

3 —
+3! f (f/(j’o)f/ Y M)] (21)

k,0 1,0
=1, j2kAl L0719 9y, dy, dy,
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The same follows for n = 4,5, ..., and so on. In conclusion, for time-independent first-order

differential equations, like the chemical rate equations, we have:

tn+l

¥ (1) =,(0) +nZO TG, (22)

For equations with explicit polynomial time-dependence dy,(t)/dt = kt"y, (such as the quan-
tum harmonic oscillator), b, () is appropriately modified. The current implementation of this

method can only handle direct polynomial time-dependence (i.e., 7 > 0).

b(t)=——: in>0 (23)
(A+n+1)!
The time-separated polynomial is given as:
n yf(l«,l)) yi(m)l)
A = . 1,1 p,n
Y (1)) = Z (S(H,Z?_l(l(j])+21(j2>+...+(nl)l(jn_])+nl(],n)))l 1 ,)
Lol 1 =0 ’ . ’ v (Ln” (pn)*
(L1)7(1,2) 7(2,1) (p,n)
! ot -
n! 900 £i(5(0))
x I ] T I
l(hl) !...l(p’n) 100202 (n—1) @ea-Dppw dy, "V (1.n) ,..ayp(p,l) (pn)
(24)
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Results for ADM4, ADM6, ADMS, ADM10

Scheme 1: Bimolecular Reaction

Table 2: ADM results for Scheme 1

ADMI10 ADMS ADM6 ADMA4
modification & m T Il/m T Il/m T Il/m T Il/m
eddd 0.1 1001 489.59 0.00 489.51 0.00 31890 0.00 201.03 0.00
eedd 0.1 1001 6.43 29.72 6.28 0.35 433 199 3.08 12.02
eeed 0.1 1001 449 42.15 432 046 3.06 2.82 2.16 18.58
eecee 0.1 1001 2.84 42.15 292 046 205 2.82 1.52  18.58
eddd 0.2 501 245.12 0.00 24434 0.00 159.26 0.00 100.25 0.00
eedd 0.2 501 5.67 29.70 5.72  0.35 375 1.98 248 12.01
eeed 0.2 501 373 41.88 3.64 046 248  2.79 1.68 18.40
eecee 0.2 501 2.09 41.88 221 046 149  2.79 1.07 18.40
eddd 0.5 201 9734 000 97.14 0.00 6336 000 3986 0.00
eedd 0.5 201 5.36 29.62 534 035 343 1.98 220 11.98
eeed 0.5 201 3.27 41.88 324 046 2.15  2.80 1.40 18.44
eeee 0.5 201 1.69 41.88 1.83 0.46 1.09 2.80 0.81 18.44
eddd 1 101 4823 0.02 48.12 0.00 3139 0.00 19.71 0.00

eedd 1 101 5.06 29.52 507 035 331 197 2.10 11.95
eeed 1 101 3.12  40.24 312 043 203  2.62 1.30 17.37
eeee 1 101 1.55 40.24 1.53 043 098 2.62 0.67 17.37
eddd 2 51 2357 015 23.63 000 1537 0.00 9.60 0.01
eedd 2 51 499 29.40 499 035 324 197 205 1191
eeed 2 51 3.05 39.05 3.04 042 1.98 2.53 1.37 16.69
eeee 2 51 1.47 39.05 1.47 042 093 253 0.63 16.69

The first column designates which modifications are enabled (e) and disabled (d): first letter — capping derivative,
second — propagator (7,=10 s), third — adaptive discrete axis (tolerance=1E-2), fourth — initial zero derivatives
excluded. £ is the step-size in s, m is the number of integration points, 7 is the computational duration in ms, and
I11/m= Lym|y, —3is scaled by 1E7.
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Scheme 2: Chloroperoxidase

Table 3: ADM results for Scheme 2

ADMI10 ADMBS8 ADM6 ADM4

modification h m T Il/m T Il/m T Il/m T Il/m
eddd 0.001 10001 23436.65 0.64 23433.68 0.64 1352649 0.64 7607.05 0.64
eedd 0.001 10001 262193 0.64 2619.86 0.64 1514.65 0.66 855.08 0.76
eeed 0.001 10001 271.98 0.63 269.95 0.64 159.39  0.68 9293 095
ecee 0.001 10001 92.58 0.64 90.17  0.65 50.22  0.68 3225 095
eddd 0.002 5001 11720.82 0.64 11715.17 0.64 6768.12 0.64 3807.00 0.64
eedd 0.002 5001 2352.01 0.63 235170  0.64 1358.28  0.67 766.28  0.84
eeed 0.002 5001 265.78  0.63 264.05  0.65 154.48  0.69 88.52  0.99
eecee 0.002 5001 84.39  0.64 83.47  0.65 4435 0.70 27.20  0.99
eddd 0.005 2001 4689.72 0.64 4687.54 0.64 2704.09 0.64 1520.56 0.64
eedd 0.005 2001 2350.64 0.63 234770 0.64 1356.92 0.67 763.24 0.84
eeed 0.005 2001 267.46  0.63 266.69 0.64 154.60  0.69 87.37 0.96
eeee  0.005 2001 81.24 0.64 81.99  0.65 4138 0.69 2446 0.96
*eddd  0.01 1001 234295 0.63 2340.89  0.64 1348.37  0.67 760.18  0.85
eeced 0.01 1001 234134  0.63  2341.87 0.64 134934 0.67 760.32 0.85
eeee  0.01 1001 256.39  0.63 256.31  0.64 148.06  0.69 83.65 0.96

The first column designates which modifications are enabled (e) and disabled (d): first letter — capping derivative,
second — propagator (,=0.01 s), third — adaptive discrete axis (tolerance=1E-4), fourth — initial zero derivatives
excluded. h is the step-size in s, m is the number of integration points, 7 is the computational duration in ms, and
I11/m= Lym|y, — 9| is scaled by 1E8. *eddd and eedd are equivalent for 7 = 0.01 s.
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